A theoretical and experimental study is performed on the deformation of a free surface between two fluids in a gravitational field, due to a jet in the lighter fluid impinging at right angles to the surface. For the two-dimensional case, we present a mathematical model using the method of conformal mapping. The strength of our method lies in its general application to analytically study the interface between two fluids in a gravitational field, one of which has an arbitrary potential velocity field, while the other is assumed to be motionless. An asymptotic solution is derived for the cavity shape with the density ratio of fluids as the small expansion parameter.
I. INTRODUCTION
The tangential flow of a fluid along the interface with another fluid generally induces motion in the second fluid, a process known as entrainment. Another possibility occurs when the fluid flow is normal to the surface; in this case an indentation or cavity is produced due to the pressure or momentum of the flow. In natural settings, both processes are usually present, such as when the wind blows across an ocean or lake or when one cools off a cup of tea by blowing on it. The problem of a gas jet impinging on a liquid surface arises in several important industrial applications, such as in the steel industry, where a supersonic jet of oxygen impinges on molten iron to convert it to steel ͑known as the basic oxygen conversion process 1 ͒. In the arc welding process, a high energy plasma jet impinges on a molten metal pool, creating an indentation, which can affect the stability and efficiency by limiting the welding speed. 2 While entrainment is a viscous effect, the normal impingement of a flow can deform a surface even in an inviscid flow. In the simplest situation, an air jet at normal incidence to a free fluid surface ͑see Fig. 1͒ , the first questions are of the deformation induced in that surface--what are the conditions for its onset, what is its shape, and what is its stability? From a mathematical point of view, the simplicity and the symmetry of this problem pose a fundamental challenge that has attracted many investigators. An early work by Banks and Chandrasekhara 3 focused on a scaling analysis of the penetration depth of the jet for both circular and planar cases, using both the kinetic pressure and the total volume of liquid displaced in the cavity to rescale the experimental data. Some studies have assumed the cavity profile to be parabolic, 2, 4 although Shimada et al. 1 used an X-ray Tomography technique to observe that molten slag under impingement of an air jet is deformed into a column rather than a parabola. Computational models based on turbulence theory have also been developed. [5] [6] [7] It has been suggested in the literature that the effects of surface tension and viscosity are irrelevant to the cavity shape. 3, 4, 8 This is also often true for air cavities formed by the impact of a falling sphere 9 or large fluid mass. 10 However, for the impinging jet problem, surface tension has been found to be an important factor determining the stability of the liquid surface. Rosler and Stewart 11 observed two types of instabilities of the gas-liquid system: oscillations of the interface, and dispersion of liquid droplets. As the jet velocity exceeds a critical value, the interface will start to oscillate; when the velocity increases further, the oscillation of the interface becomes more vigorous, until the instability leading to droplet creation is triggered.
It is natural to consider a conformal mapping approach to this problem, although this would impose a twodimensional ͑2D͒ restriction. While the use of conformal mapping to study fluid flow is a classic subject, pioneered by Zhukovsky, it is still an active area of research which has continued to develop in new directions. In the 1990s, Tanveer 12 suggested the use of conformal mappings for the unsteady free surface problems of irrotational flows, an idea which has been further developed by others. 13, 14 Crowdy 15, 16 applied this method to a broader category of flows, and succeeded in obtaining exact solutions for other complicated systems. Specific to our problem of an impinging jet on a free surface, Olmstead and Raynor solved for the cavity shape in the small depression case using conformal mapping; 17 the numerical scheme was later improved by Vanden-Broeck. 18 Here we derive a general condition satisfied on the interface between two fluids in a gravitational field one of which is assumed to be motionless, without requiring the cavity to be small. The force balance equation on the interface can be analytically continued to the upper half plane, somewhat similar to the approach taken in Ref. 15 . This approach is generalized to include surface tension. An asymptotic expansion of the solution is also obtained.
II. EXPERIMENTAL OBSERVATIONS
To set the stage for a mathematical approach to this problem, we first present a simple experimental system in which an air jet produces a steady cavity in a heavier liquid. A transparent cylindrical tank, made of Plexiglas with height 7.5 cm and diameter 10.2 cm, is placed under a nozzle attached to a nitrogen cylinder ͑pressurized͒. The nozzle has an inner diameter ⌽ = 0.075 cm, and can be moved up and down freely along a fixed metal frame, on which its position is read from a calibrated scale. The ratio of nozzle distance from the undisturbed surface H to nozzle diameter ⌽ ranges from 20 to 72. The jet speed is typically 100-300 cm/s, controlled by a valve and pressure gauge connected to the nozzle. A high-speed camera ͑Phantom v5.0͒ is placed at the same level as the undisturbed liquid surface to capture the cavity profile. All data are taken at room temperature, 25°C.
Most of our experiments are performed using polydimethylsiloxane oil, which has a nominal surface tension with air ␥ = 21.5 dyn/ cm. Choosing the characteristic length to be 1 cm ͑see Fig. 2͒ , the Weber number and the Bond number can be estimated as 10 3 and 40, respectively. Therefore, the surface tension is negligibly small compared with both the inertial and gravitational effects. The Reynolds number for the air jet near the cavity is about 10 3 . A simple quantitative characterization of the cavity is made by measuring its depth h and width w; these quantities are shown in Fig. 2 as functions of H. We first note that both quantities are independent of viscosity for the three liquids shown: glycerol ͑ = 1500 cP͒, silicone oil ͑ = 30 000 cP͒, and water. Thus, all data sets collapse onto the same curve, even without normalizing the axes. The data appear to follow the scaling relations h ϳ H −2/3 and w ϳ H 2/3 . These relations are consistent with the assumption that the total energy expenditure of the jet to maintain the cavity is constant: as the nozzle gets closer, the cavity becomes deeper yet narrower, such that the quantity Mgh remains constant, where M is the total mass displaced from the cavity. Since M ϳ hw 2 , this implies that hw ϳ constant, as observed. Note however a systematic deviation of the depth data from the curve h ϳ H −2/3 , for values of H exceeding about 40 mm ͑corre-sponding to H / ⌽ Ӎ 50͒. In fact, a turbulent eddy viscosity approach due to Turkdogan, assuming a constant momentum flux in the jet, 7 leads to the implicit scaling relation h ϳ͑h + H͒ −2 , which appears to fit the experimental data better for large H, as shown in Fig. 2͑a͒ .
In our subsequent mathematical treatment of this problem, we will make a number of simplifying assumptions, which include neglecting the motion of the bottom liquid under the impinging jet, assuming that the cavity has a steady shape and treating the liquid volume as infinite. Here we briefly record experimentally the deviations of reality from these assumptions. While our experiments are restricted to the cases where the cavity is observed to be stationary, it is easy to push the experiment to the point where timedependent surface disturbances, similar to wind waves, 19 are generated on the surface. At higher jet speeds, a rougher and time-dependent cavity is observed, from which droplets may be ejected, as shown in Fig. 3 . In silicone oil, we find that under certain circumstances ͑large H / h and high jet velocity͒, surface waves are generated near the cavity waist and propagate upwards at a slow speed. These waves are attenuated and fade away before reaching the cylinder wall. For a less viscous liquid such as water, this phenomenon is less regular because the cavity is deeper and thus apparently more unstable ͑Fig. 3͒. Generated waves also propagate further along the surface and in this case, the whole way to the sides of the cylinder in the experiment.
To verify that the motion of the lower liquid has little effect on the form of the cavity, we use two immiscible liquids with different densities but close viscosities ͑corn oil and 80/20 glycerol/water mixture͒ as the bottom fluids ͑see Fig. 4͒ . By varying the depth of corn oil while fixing H and the exiting speed of the jet, we observe essentially no change at the interface between the two fluids. Notice that the maximum depth of the cavity in the first plot is slightly larger than that in other two due to the density difference.
III. MATHEMATICAL FORMULATION AND DERIVATION
The simple experimental system we have presented above produces a steady cavity, thus offers a clear set of questions to be studied mathematically. Motivated by this, we build a 2D mathematical model for the shape of the cavity and the steady flow pattern producing it. Although our experiment is clearly three-dimensional ͑3D͒, we expect that a similar phenomenon would occur in 2D; moreover an analytic approach may be more likely with the use of conformal mapping techniques particular to 2D. We will thus assume that the flow is incompressible and irrotational. This is a reasonable assumption, since the Reynolds numbers of the jet are not small in our experiment ͑Reϳ 10 3 ͒. Moreover in previous work the viscosity of the gas did not have an apparent effect on the main features of the cavity, as discussed in Ref. 3 . Note, however, the full validity of this mathematical approximation is untested. We consider two types of jets: one in which the imposed velocity field approaches zero infinitely far away, and one in which it continues to flow along the surface out to infinity. As we will show, only in the second case is it possible for the jet to produce a central cavity below the original surface.
Let us consider a gas jet flowing toward a wall sitting on the real line in the complex plane, as shown in Fig. 5 . Denote by Z͑z͒ and W͑w͒ the parametric and physical planes, respectively. Let f : z ‫ۋ‬ w be the conformal mapping from the flow region in the Z-plane to the region with deformed surface ⌫ in the W-plane, with the real line mapped to ⌫. We assume that the interface is smooth ͑i.e., with no corners or cusps͒, so fЈ does not vanish or blow up on y = 0. An extra condition fЈ͑z͒ → 1 as z → ϱ is imposed to guarantee that flows in two planes are the same at infinity. Denote by F 1 ͑z͒ the complex potential for the gas flow in the Z-plane, then F 2 ͑w͒ ª F 1 ͑f −1 ͑w͒͒ is the complex potential in the W-plane. The flow speeds q͑z͒ and Q͑w͒ are related by the mapping f as
We apply Bernoulli's theorem to the gas flow in the W-plane and obtain
where p g ͑w͒ is the pressure in the gas at any point w in the flow region, and p ϱ and U are the pressure and jet velocity at infinity, respectively. Under the assumption that the bottom liquid layer is motionless, the pressure in the liquid p f is only due to the hydrostatic head 2 gy. Thus for any point w ⌫, we have
The liquid is coupled to the flowing gas by the normal stress boundary condition at the free surface. Neglecting the surface tension, this condition is simply 
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͑3.4͒
Combining Eqs. ͑3.1͒-͑3.4͒, we obtain a real-valued force balance equation, which is written in Z-plane as
where ⑀ = 1 / 2 is the ratio of densities.
A. Analytic continuation of the force balance equation
The force balance equation ͑3.5͒ satisfied on the real line uniquely determines the conformal mapping f in the upper half plane C + . Following Crowdy, 15 we extend Eq. ͑3.5͒ to C + using analytic continuation. Define the conjugate analytic function of f as f : z ‫ۋ‬ f͑z͒. As is well-known, on y =0, we have Im͑f͒ = 1 2i ͓f͑z͒ − f͑z͔͒, ͉fЈ͑z͉͒ 2 = fЈ͑z͒fЈ͑z͒, and
With these identities, Eq. ͑3.5͒ becomes
͑3.6͒
The problem to be solved has now been reduced to finding a univalent conformal mapping f͑z͒ satisfying Eq. ͑3.6͒, given some complex potential F 1 ͑z͒ prescribed by the imposed jet. Although the surface tension can be neglected based on our experiment, it is straightforward mathematically to include it in our analysis, with Eq. ͑3.4͒ replaced by p f ͑w͒ + ␥ = p g ͑w͒ on ⌫, where ␥ denotes the surface tension and the curvature. Representing the interface ⌫ by X͑x , y͒ + iY͑x , y͒ = f͑z͒, we can write
Then the force balance equation is
This equation can also be extended to C + in the same way as before, thus
͑3.7͒

B. The dipole jet--exact solution
If the general impinging jet problem is defined only by the occurrence of a cavity, then there will be many distinct mathematical cases to be classified within this problem, corresponding to different kinds of imposed jets. This also implies some freedom in choosing the prescribed jet. For instance, Banks and Chandrasekhara considered both a turbulent and a laminar jet, with different mathematical approaches. 3 We first consider a simple, explicit jet--a dipole in the complex plane--which leads to exact solutions. Consider in polar coordinates the velocity field for a dipole
where u ͑r͒ and u ͑͒ are velocity components in r-and -directions, respectively, and the constant C is the strength of the dipole. For r 0 this is a 2D potential flow with complex potential Ci / z. 20 The complex potential for a dipole with a stiff wall at y = 0 is obtained by superposing a "downward" dipole centered at ͑0,k͒ of complex potential G 1 = Ci / ͑z − ki͒, with a "upward" dipole centered at ͑0,−k͒ of complex potential
As with Eq. ͑3.5͒, the force balance condition reads
where we note that no U 2 term appears since the flow speed vanishes at infinity. The analytic continuation of this equation is then
͑3.8͒
Equation ͑3.8͒ admits two exact solutions: f a ͑z͒ = Az / ͑z + ki͒ 2 and f b ͑z͒ =−Az / ͑z − ki͒ 2 , where A = ͑4C 2 ⑀k / g͒ 1/3 . In fact, if f͑z͒ is a solution, so is −f͑z͒. However, f a Ј and f b Ј do not approach 1 at infinity. Instead, both f a and f b map the real line to unit circles, centered at ͑0,−1/ 4k͒ and ͑0,1/ 4k͒, respectively; thus they are not physically meaningful solutions. We have not so far succeeded in proving the general existence or uniqueness of solutions to Eq. ͑3.8͒ with the condition that f behaves asymptotically as z at infinity. However, it can be proven that such a solution, if it exists, cannot be a rational function ͑see the Appendix͒.
C. Approximations and solutions
In order to solve the interface equation, we can take advantage of the left-right symmetry of the jet ͑the analog of an axisymmetric jet in the 3D case͒ to further simplify the problem; of course, this limits the generality of the results. Symmetry of the jet implies that of the cavity, hence the conformal mapping f = ␣͑x , y͒ + i␤͑x , y͒ must satisfy 
·
It follows from the symmetry of the jet that
Then the interface equation ͑3.5͒ reduces to
The advantage of studying this equation rather than Eq. ͑3.6͒ lies in the fact that the right-hand side contains only f but not its conjugate analytic function. In general, exact solutions to Eq. ͑3.6͒ or ͑3.9͒ can only be expected when the prescribed complex potential of the jet F 1 ͑z͒ has certain analytical form. We therefore seek the approximate solution of conformal mapping f in terms of the density ratio ⑀, which is typically in the order of 10 −3 in our experiments. If f is assumed to possess an asymptotic expansion in ⑀ of the form
then Eq. ͑3.6͒ becomes
The O͑1͒ term yields
which does not have a unique solution. For ⑀ = 0, we have f͑z͒ = f 0 ͑z͒, corresponding to the physical situation that the density of the impinging jet is zero. With no momentum in the jet the bottom liquid should undergo no depression, so we choose f 0 to be the identity map. The O͑⑀͒ term yields
which on the real line reduces to
where ␤ 1 ͑x , y͒ =Im f 1 ͑z͒. In particular, ͉␤ 1 ͑0,0͉͒ = ⑀U 2 / 2g is the maximum depth of the cavity h max , which is independent of the jet width d. In other words, 2 gh max = 1 U 2 / 2, which is the same as the standard pressure scaling given in Ref. 3 . We remark that a similar treatment for the equation involving surface tension ͓Eq. ͑3.7͔͒ yields at O͑⑀͒
͑3.13͒
For the profile of a symmetric 2D jet, we adopt the one given by Milne-Thomson for a jet impinging on a rigid plate: 21 suppose that in the complex plane a jet with width 2d and speed U is flowing from ͑0,+ϱ͒ toward the wall, which sits on the real line. The velocity outside of the jet region is zero. The complex velocity V ͑z͒ = u − iv is an implicit function of z by the relation z = 2d
On the solid wall y =0, V = u͑x ,0͒, where u is given by
͑3.14͒
Note that the Milne-Thomson jet is not the only candidate, and in fact, our mathematical formulation and solution procedure are independent of the choice of jet profile. The harmonic function ␤ 1 ͑x , y͒ on the upper half plane with boundary condition ͑3.12͒ is solved numerically by MATLAB using a finite difference method. The real part of f 1 at any point P can be calculated as
where O is chosen to be the origin. The domain is chosen to be ͓−L , L͔ ϫ ͓0,2L͔, with boundary condition ␤ 1 = y on the three sides of the rectangle for which y 0. The boundary value ␤ 1 ͑x ,0͒ in Eq. ͑3.12͒ is given by the Milne-Thompson jet via Eq. ͑3.14͒, which we approximate by a Gaussian function ae
, as has been done previously. 3 The main reason for this is numerical convenience; indeed, the Gaussian provides an excellent approximation, as illustrated by Fig. 6 .
Since there are two parameters at our disposal ͑jet width d and jet speed at infinity U͒, we plot the approximate solution f͑z͒ = f 0 ͑z͒ + ⑀f 1 ͑z͒ in Fig. 7 for various d and U. From this we see that, when jet velocity increases with width fixed, 
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Deformation of a liquid surface due to an impinging gas jet Phys. Fluids 22, 042103 ͑2010͒ both the effective depth and width of the cavity increase; when jet width increases with velocity fixed, only the width of the cavity gets larger. We also find from numerical solutions that a vaselike cavity is possible when U / d is large ͓see the outermost in Fig. 7͑a͔͒, i. e., the cavity wall curves inward. Indeed, such a cavity is observed experimentally ͓Fig. 8͑a͔͒. Even though the model is 2D, whereas the experiments are 3D, it qualitatively matches the cavity shapes observed under an impinging gas jet for different exiting velocities and jet widths.
We return briefly to the case of a dipole jet for comparison, and remark that the liquid interface does not exhibit a depression at the center. Instead, the bottom liquid is pulled up to form two bumps, as shown in Fig. 8͑b͒ . This is readily understood from the Bernoulli equation: the speed of the dipole jet vanishes at infinity, and at any stagnation point in the flow; since the origin is a stagnation point, it must has the same level as a surface point at infinity. Note that these approximate solutions are quite different from the exact solutions discussed in Sec. III B, since here fЈ͑z͒ = 1 is an imposed condition at infinity.
The deformed surface shapes show in Fig. 8͑b͒ bear some resemblance to the lip formed around the cavity that has been reported in the literature for relatively large cavities. 3, 6 We have not observed such a lip in our experiment. However, based on our model we believe that a superposition of a Milne-Thomson jet and a dipole could provide a realistic description of a lipped cavity. On the other hand, if the impinging jet has a very high temperature such as in the process of basic oxygen steelmaking, the effect of heat transfer could possibly be responsible for the formation of the lip, 8 which lies outside the scope of the present study.
IV. CONCLUSION
Our model might be further generalized to allow the motion of bottom fluid, provided that the pressure distribution on the interface can be obtained. However this will require matching two analytic functions from the upper and lower half plane, which is in general difficult; exact conformal mapping solutions in such two-phase problems have been found only in specific physical scenarios. 22 A further generalization would allow for a time-dependent cavity, although this would necessitate finding a series of conformal mappings, each of which satisfies appropriate dynamic conditions on the interface at each moment.
In this paper, the problem of a gas jet impinging on a liquid is studied. Theoretically we treat the jet flow as 2D, incompressible and irrotational so that the method of conformal mapping can be applied. A complex-valued first order differential Eq. ͑3.6͒ is obtained from the force balance condition satisfied on the interface. The analysis allows for a choice of jet profile, and we consider two types: one mathematically more convenient and the other more physical. Although an analytic solution for the latter is not feasible, the asymptotic expansion of the solution based upon small density ratio is found. Experimentally we study an axisymmetric nitrogen jet impinging onto several different liquids, and find that surface tension, fluid viscosity and the container size have negligible effects on the cavity; it is rather the density ratio that plays a role in determining the cavity size.
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APPENDIX: EXISTENCE THEOREM FOR THE DIPOLE-JET SOLUTION
Theorem: There exists no rational function f͑z͒ satisfying Eq. ͑3.8͒ and f͑z͒ϳz as z → ϱ.
Proof. Suppose that f͑z͒ has a pole of order j at w R, then
where is meromorphic in C + and ͑w͒ 0. Notice that whose numerator is nonzero at z = w; therefore the right-hand side of Eq. ͑3.8͒ will inherit a singularity at w. So w must be either ki or −ki ͑k 0͒. Now we can assume that ki and −ki are poles of f͑z͒ with order m and n, respectively, then f͑z͒ has the form g͑z͒ / ͑z + ki͒ m ͑z − ki͒ n with g meromorphic in C + . The condition f͑z͒ → z as z → ϱ implies g͑z͒ϳz m+n+1 as z → ϱ, so we can write g͑z͒ = z m+n+1 + az m+n + O͑z m+n−1 ͒, for some a C. Since fЈ͑z͒ , fЈ͑z͒ϳO͑1͒ and z 2 / ͑z 2 + k 2 ͒ 4 ϳ O͑1 / z 6 ͒, it follows by comparing two sides of Eq. ͑3.8͒ that a − ā =2ki. Considering n Ն m gives us a − ā =−2ki. Contradiction! ᮀ
